
ARTICLE IN PRESS
Contents lists available at ScienceDirect

Journal of Sound and Vibration

Journal of Sound and Vibration 325 (2009) 781–797
0022-46

doi:10.1

� Cor

E-m
journal homepage: www.elsevier.com/locate/jsvi
Vibrations of porous piezoelectric ceramic plates
Anil K. Vashishth �, Vishakha Gupta

Department of Mathematics, Kurukshetra University, Kurukshetra 136119, India
a r t i c l e i n f o

Article history:

Received 17 June 2008

Received in revised form

16 March 2009

Accepted 21 March 2009
Handling Editor: L.G. Tham
results are obtained in particular for monoclinic (2) porous piezoelectric materials.
Available online 29 April 2009
0X/$ - see front matter & 2009 Published by

016/j.jsv.2009.03.034

responding author.

ail address: anil_vashishth@yahoo.co.in (A.K.
a b s t r a c t

The basic constitutive equations and equations of motion are derived for anisotropic

porous piezoelectric materials by making use of variational principle. These equations
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case by expanding mechanical displacement and electric potential as power series. The

Thickness shear correction factors are determined for high frequency case. The thickness

shear resonance frequencies are obtained numerically for a particular model of PZT.

& 2009 Published by Elsevier Ltd.
0. Introduction

It is well known that piezoelectric materials produce an electric field when deformed and undergo deformation when
subjected to an electric field. Piezoelectric materials are integrated with structural systems to form a class of smart
structures. Piezoelectric materials have wide-spread applications in many areas such as electronic technology, mechanical
engineering, medical appliance and other modern industrial fields. During few recent decades, piezoelectric materials have
been intensively used as transducers, actuators, sensors etc. Piezoelectric materials and components are always fabricated
in plates or shell configuration for engineering use. The constitutive equations for piezoelectric crystals of different kinds of
anisotropy were described by Cady [1]. The characteristics of different piezoelectric materials are described in the text
Mason [2]. These equations are also described in the text Holland and Nisse [3]. Based on an approximation involving the
early terms of the thickness coordinate of plate, the classical equations of piezoelectricity were reduced from three to two
dimensions by Mindlin [4]. Only flexure, thickness-shear and thickness-twist modes were taken into account. Later on, the
equations were extended to include the face-extension and face-shear modes by Tiersten and Mindlin [5]. A detailed text
on vibrations of linear piezoelectric plates was presented by Tiersten [6]. The two-dimensional equations of motion were
derived by Mindlin [7] using expansion of mechanical displacement and electrical potential as power series. The thickness-
shear correction factors were also determined.

Shear horizontal vibration modes of plates are often used for bulk acoustic wave piezoelectric resonators and other
devices [8]. Shaw [9] discovered the edge modes in piezoelectric finite cylindrical disks with edge conditions in addition to
the boundary conditions. He investigated the thickness, shear and radial vibrations of thick barium titanate disk by optical
interference methods in wide range of thickness/radius ratio. Some studies [10–13] on thickness-shear and flexure
vibrations of plates have also been made by different authors. A new theory for electroded piezoelectric plates and its finite
element applications for the forced vibrations of quartz crystal resonators were presented [14]. The general vibration
problem of a spherically isotropic piezoelectric medium with radial inhomogeneity was studied by Chen [15] using
separation method. The nature of coupling field was investigated for some cases of longitudinal waves propagating in thin,
infinitely long, piezoceramics rods with their axes parallel to poling axis [16]. Piquette [17] obtained the coupling
coefficients for electrostrictive ceramics. Yang [18] obtained an exact solution for shear horizontal vibrations of a
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piezoelectric wedge of polarized ceramics. The steady-state vibrations of an infinite piezoelectric medium with
transversely isotropic symmetry were studied by Lioubimova and Schiavone [19], by considering fundamental boundary
value problems in a theory of generalized plane strain.

Free vibration occurs when a mechanical system is set off with an initial input and then allowed to vibrate freely.
A uniformizing method [20] was presented for free vibration analysis of metal–piezoceramics composite thin plates with
different shapes, vibration modes and boundary conditions. In Refs. [21,22], the free vibrations of piezoelectric circular
plates, by employing the general solution for coupled three-dimensional equations of transversely isotropic piezoelectric
body were investigated. Based on newly presented state space formulations, a method [23] was developed for analyzing
the bending, vibrations and stability of laminated transversely isotropic rectangular plates with simply supported edges. An
analytical solution was obtained for free vibrations of piezoelectric annular plates by using general solutions for coupled
three-dimensional equations of piezoelectric media [24]. The resonant electromechanical vibrations of thin piezoelectric
plates under elastic loading were studied by Karlash [25].

The concepts of functionally grade materials (FGM) have been applied to piezoelectric materials to improve its lifetime
and reliability of advanced piezoelectric structures. Different authors [26,27] have addressed the problems related to the
free vibrations of such functionally grade materials.

Piezoelectric layers are embedded in or surface bonded on isotropic or laminated composite structures to form (smart)
structures. Such structures are defined as ‘‘piezoelectric composite laminates’’. Vibration characteristics of piezoelectric
composite materials are of interest in the field of Science and Engineering. A lot of work has been done in the field. Mention
a few [28–35], in which number of problems related to vibrations of laminated piezoelectric composite materials, have
been investigated.

A set of equations of high frequency vibrations of piezothermoelastic crystal plate was obtained by Mindlin [36]. Three-
dimensional solutions for free vibrations of initially stressed thermoelectroelastic multilayered plates have been obtained
in Ref. [37]. The nonlinear vibration behavior of piezoelectric materials was observed in Refs. [38–40].

Despite the significant progress made in enhancing the coupling characteristics between electrical and mechanical
properties in piezoelectric materials, monolithic piezoelectric materials generally exhibit limitation such as brittleness. Due
to brittleness nature of piezoelectric ceramics and possible defects of impurity, cavities and microcracks, failure of devices
take place easily under mechanical or electrical loading. In order to overcome this limitation, material density is reduced
through the addition of controlled porosity and resulting porous piezoelectric materials (PPM) are widely used for
applications such as low frequency hydrophones, miniature, accelerometers, vibratory sensors and contact microphones.
Due to lower acoustic impedance, these materials can be used to improve mismatch of acoustic impedances at the
interfaces of medical ultrasonic imaging devices or underwater sonar detectors. Several piezoceramic constructive
elements are porous especially when they are hot pressured or cast under pressure. Use of the piezoelectric effect in porous
piezoelectric ceramics offers an original method for studying the coupling between electrical, mechanical, permeability
and of course piezoelectric properties of porous systems. Khoroshun et al. [41,42] presented a general approach, to
calculate the effective electroelastic properties of polycrystals with spheroidal crystallites, based on conditional averaging
of the electroelasticity equations. Khoroshun and Dorodnykh [43,44] evaluated the effective electroelastic properties of
porous polycrystals with trigonal symmetry and observed that all the effective constants depend considerably on both the
concentration and shapes of the pores. Similar results were also obtained by Gupta and Venkatesh [45] by using a finite
element model for porous piezoelectric ceramics. A survey of literature reveals that while a lot of work has been done on
vibration analysis of piezoelectric material, piezothermoelastic materials and other smart materials, but no work has been
done on vibration analysis of porous piezoelectric materials so far.

In this paper, an attempt is made to formulate the equations of the vibration of unclamped porous piezoelectric crystal
plates. In Section 1, using Biot’s theory and electrical enthalpy density function, we first derive basic constitutive equations
for anisotropic porous piezoelectric materials and then equations of motion for PPM are derived using variational principle.
In Section 2, the constitutive relations and equation of motion are obtained for two-dimensional case by expanding
mechanical displacement and electrical potential function as power series. In Section 3, particular cases of constitutive
relations are obtained with approximation of series after truncation and adjustment of some terms. Further expressions are
modified by introducing thickness-shear correction factors. The results are obtained in particular for high frequency
vibrations. The thickness-shear correction factors are determined for the Monoclinic (2) crystal by comparing thickness-
shear frequencies corresponding to the two- and three-dimensional case in Section 4. Finally, in Section 5, the thickness
shear resonance frequencies are obtained numerically for a particular model of PZT and variation of resonance frequency in
thickness shear mode with the thickness of the plate is observed. The effect of thickness of plate on the three-dimensional
thickness shear resonance frequency for first five modes is also observed.
1. Three-dimensional equation

1.1. Constitutive equations

Let us consider a porous piezoelectric body having a volume V bounded by a surface S with unit outward normal n̂. Let
sij; �ij;s�; �� be stress and strain components for solids; fluid phase of porous aggregate, respectively. The quantities with *
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are associated to the fluid component of porous bulk material. Let Ei;Di;E
�
i ;D
�
i be electric field and electric displacement of

solid; fluid phase, respectively.
The electric enthalpy density function (W) for porous piezoelectric material is defined as

W ¼ 1
2½sij�ij þ s��� � EiDi � E�i D�i � (1)

This enthalpy density function W is a quadratic function of �ij; �
�; Ei and E�i .

W ¼ 1
2cijkl�ij�kl þ

1
2R���� þmij�ij�

� � ekijEk�ij � zkijE
�
k�ij �

~ziEi�
� � e�i E�i �

�

� 1
2xijEiEj �

1
2x
�
ijE
�
i E�j � AijEiE

�
j , (2)

where coefficients cijkl; ekij; zkij;mij; xij; x
�
ij;Aij; e

�
i ;
~zi and R are tensors of order 4; 3; 2; 1 and zero, respectively.

�ij ¼
1
2ðui;j þ uj;iÞ; �� ¼ U�k;k; Ei ¼ �f;i; E�i ¼ �f

�
;i, (3)

where ui;f;U
�
i ;f
� are mechanical displacements and electric potential for solid; fluid phase, respectively.

Eq. (2) gives us

qW

q�ij
¼ cijkl�kl þmij�

� � ekijEk � zkijE
�
k, (4a)

qW

q��
¼ R�� þmij�ij �

~ziEi � e�i E�i , (4b)

qW

qEk
¼ �ekij�ij �

~zk�
� � xkjEj � AkjE

�
j , (4c)

qW

qE�k
¼ �zkij�ij � e�k�

� � AjkEj � x�kjE
�
j . (4d)

It is known from the definition of the electric enthalpy density function that

qW

q�ij
¼ sij;

qW

q��
¼ s�; qW

qEi
¼ �Di;

qW

qE�i
¼ �D�i . (5)

This implies that

sij ¼ cijkl�kl þmij�
� � ekijEk � zkijE

�
k, (6a)

s� ¼ mij�ij þ R�� � ~ziEi � e�i E�i , (6b)

Di ¼ eijk�jk þ
~zi�
� þ xijEj þ AijE

�
j , (6c)

D�i ¼ zijk�jk þ e�i �
� þ AijEj þ x�ijE

�
j . (6d)

These are constitutive equations for anisotropic porous piezoelectric materials. Here cijkl are elastic stiffness constants. The

elastic constant R measures the pressure to be exerted on fluid to push its unit volume into the porous matrix. ekij; xij; e�i ; x
�
ij

are piezoelectric and dielectric constant for solid; fluid phase, respectively. mij; zkij;
~zi;Aij are the parameters which take

into account the elastic; piezoelectric; dielectric coupling between the two phases of porous aggregate.

1.2. Equations of motion

Using variational principle, we can write

d
Z t1

t0

dt

Z
V
ðK �WÞdV þ

Z t1

t0

dt

Z
S
ðtjduj þ t�j dU�j þ cdjþ c�dj�ÞdS

" #
¼ 0, (7)

where tj; t
�
j are surface traction for solid and fluid phase of porous bulk material. K is the kinetic energy density. c; c� are

surface charge density for solid and fluid phase.
The kinetic energy density K is defined as

K ¼ 1
2fr11 _ui _ui þ 2r12 _ui

_U
�

i þ r22
_U
�

i
_U
�

i g, (8)

where r11;r12 and r22 are the dynamical coefficients which depend upon the porosity (f), density of porous aggregate (r),
pore fluid density (rf) and the inertial coupling parameters.
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Eq. (8) implies

d
Z t1

t0

K dt ¼ � r11

Z t1

t0

€uidui dt þ r22

Z t1

t0

€U
�

i dU�i dt þ r12

Z t1

t0

ð €uidU�i þ
€U
�

i duiÞdt

" #
. (9)

Also

d
Z

V
W dV ¼

Z
V

qW

q�ij
d�ij þ

qW

q��
d�� þ

qW

qEi
dEi þ

qW

qE�i
dE�i

 !
dV

¼

Z
S
ðsijduj þ s�dU�i þ Didjþ D�i dj

�Þni dS�

Z
V
ðsij;iduj þ s�;idU�i þ Di;idjþ D�i;idj

�ÞdV . (10)

Making use of Eqs. (9) and (10), Eq. (7) can be written asZ t1

t0

dt

Z
V
½ðsij;i � r11 €uj � r12

€U
�

j Þduj þ ðs�;i � r22
€U
�

i � r12 €uiÞdU�i þ Di;idjþ D�i;idj
��dV

þ

Z t1

t0

dt

Z
S
½ðtj � sijniÞduj þ ðt

�
i � s

�niÞdU�i þ ðc � DiniÞdjþ ðc� � D�i niÞdj��dS ¼ 0.

)In V,

sij;i ¼ r11 €uj þ r12
€U
�

j , (11a)

s�;i ¼ r12 €ui þ r22
€U
�

i , (11b)

Di;i ¼ 0, (11c)

D�i;i ¼ 0. (11d)

With boundary conditions specified on the surface S as

sijni ¼ tj, (12a)

s�ni ¼ t�i , (12b)

Dini ¼ c, (12c)

D�i ni ¼ c�. (12d)

Eqs. (11a) and (11b) are equations of motion for porous piezoelectric materials when body forces are absent. Eqs. (11c) and
(11d) correspond to Gauss equation.

2. Two-dimensional equations

Let us consider a plate of thickness 2b, with Cartesian coordinate axes x1; x3 in the middle plane and x2 normal to the
plate (Fig. 1). Let the two-dimensional region in the x1 � x3 plane occupied by piezoelectric plate be A, the boundary curve
of A be C, the unit outward normal to the curve C be ni.

Let mechanical displacement and electrical potential can be expressed as power series in x2:

ui ¼
X

n

xn
2uðnÞ

i
; U�i ¼

X
n

xn
2U�ðnÞ

i
,

j ¼
X

n

xn
2j
ðnÞ; j� ¼

X
n

xn
2j
�ðnÞ ði ¼ 1;2;3; n ¼ 0; . . . ;1Þ, (13)

where uðnÞ
i
;U�ðnÞ

i
;jðnÞ;j�ðnÞ are functions of x1; x3 and t.

Now

�ij ¼
1

2
ðui;j þ uj;iÞ ¼

X
n

xn
2�
ðnÞ
ij

. (14a)

Similarly, we can write

�� ¼
X

n

xðnÞ2 ��ðnÞ, (14b)

Ei ¼
X

n

xðnÞ2 EðnÞ
i

, (14c)
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E�i ¼
X

n

xðnÞ2 E�ðnÞ
i

; (14d)

where

�ðnÞ
ij
¼ 1

2½u
ðnÞ
i;j
þ uðnÞ

j;i
þ ðnþ 1Þd2iu

ðnþ1Þ
j

þ ðnþ 1Þd2ju
ðnþ1Þ
i
�, (15a)

��ðnÞ ¼ U�ðnÞ
i; i
þ ðnþ 1Þ d2i U�ðnþ1Þ

i
, (15b)

EðnÞ
i
¼ �jðnÞ

; i
� ðnþ 1Þ d2i jðnþ1Þ, (15c)

E�ðnÞ
i
¼ �j�ðnÞ

;i
� ðnþ 1Þ d2i j�ðnþ1Þ. (15d)

Now consider Z
S
ðtjduj þ t�j dU�j þ cdjþ c�dj�ÞdS

¼

Z
S
ðsijduj þ s�dijdU�j þ Didjþ D�i dj

�Þni dS

¼
X

n

Z
A
½xn

2ðs2jduðnÞ
j
þ s�d2jdU�ðnÞ

j
þ D2djðnÞ þ D�2dj

�ðnÞÞ�þb
�b

dA

þ
X

n

I
C

Z b

�b
xn

2naðsajduðnÞ
j
þ s�dajdU�ðnÞ

j
þ DadjðnÞ þ D�adj

�ðnÞÞdx2 ds, (16)

where j ¼ 1;2;3; a ¼ 1;3 and s is arc length along the curve C, on the lateral surface of the plate. A is the area of the either
face x2 ¼ �b of the plate.

We define

TðnÞ
j
¼ B�1

n ½x
ðnÞ
2 s2j�

b
�b; T�ðnÞ

j
¼ B�1

n ½x
ðnÞ
2 s�d2j�

b
�b,

DðnÞ ¼ B�1
n ½x

ðnÞ
2 D2�

b
�b; D�ðnÞ ¼ B�1

n ½x
ðnÞ
2 D�2�

b
�b,

tðnÞ
j
¼ B�1

n

Z b

�b
xðnÞ2 ðsajnaÞC dx2; t�ðnÞ

j
¼ B�1

n

Z b

�b
xðnÞ2 ðs

�dajnaÞC dx2,

dðnÞ ¼ B�1
n

Z b

�b
xðnÞ2 ðDanaÞC dx2; d�ðnÞ ¼ B�1

n

Z b

�b
xðnÞ2 ðD

�
anaÞC dx2,

Bn ¼
2b2nþ1

2nþ 1
,
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K̄ ¼

Z b

�b
K dx2; W̄ ¼

Z b

�b
W dx2. (17)

‘
Z

S
ðtjduj þ t�j dU�j þ cdjþ c�dj�ÞdS

¼
X

n

Z
A
½BnTðnÞ

j
duðnÞ

j
þ BnT�ðnÞ

j
dU�ðnÞ

j
þ BnDðnÞdjðnÞ þ BnD�ðnÞdj�ðnÞ�dA

þ
X

n

I
C

½BntðnÞ
j
duðnÞ

j
þ Bnt�ðnÞ

j
dU�ðnÞ

j
þ BndðnÞdjðnÞ þ Bnd�ðnÞdj�ðnÞ�ds:

Using the above equation, Eq. (7) for two-dimensional case can now be written as

d
Z t1

t0

dt

Z
A
ðK̄ � W̄ÞdAþ

Z t1

t0

dt

Z
A

X
n

BnðT
ðnÞ
j
duðnÞ

j
þ T�ðnÞ

j
dU�ðnÞ

j
þ DðnÞdjðnÞ þ D�ðnÞdj�ðnÞÞdA

"

þ

Z t1

t0

dt

I
C

X
n

Bnðt
ðnÞ
j
duðnÞ

j
þ t�ðnÞ

j
dU�ðnÞ

j
þ dðnÞdjðnÞ þ d�ðnÞdj�ðnÞÞds

3
75 ¼ 0. (18)

Here,

K̄ ¼
1

2

Z b

�b

X
m

X
n

ðr11 _u
ðmÞ
i

_uðnÞ
i
þ 2r12 _u

ðmÞ
i

_U
�ðnÞ
i þ r22

_U
�ðmÞ
i

_U
�ðnÞ
i Þ

" #
dx2

) d
Z t1

t0

K̄ dt ¼ � r11

Z t1

t0

X
m

X
n

Bmn €u
ðmÞ
i

duðnÞ
i
þ r22

Z t1

t0

X
m

X
n

Bmn
_U
�ðmÞ
i dU�ðnÞ

i

"

þ r12

Z t1

t0

X
m

X
n

Bmnð €u
ðmÞ
i

dU�ðnÞ
i
þ €U
�ðnÞ
i duðmÞ

i
Þ

#
, (19)

where

Bmn ¼

Z b

�b
xmþn

2 dx2 ¼

2bmþnþ1

mþ nþ 1
when mþ n is even

0 when mþ n is odd

8><
>: ,

and

dW̄ ¼

Z b

�b
dW dx2 ¼

X
n

ðsðnÞ
ij
d�ðnÞ

ij
þ s�ðnÞd��ðnÞ � DðnÞ

i
dEðnÞ

i
� D�ðnÞ

i
dE�ðnÞ

i
Þdx2

¼
X

n

½sðnÞ
ij
duðnÞ

j
þ s�ðnÞdijdU�ðnÞ

j
þ DðnÞ

i
djðnÞ þ D�ðnÞ

i
dj�ðnÞ�;i

þ
X

n

½ðnsðn�1Þ
2j

� sðnÞ
ij;i
ÞduðnÞ

j
þ ðns�ðn�1Þd2j � s

�ðnÞ
;j
ÞdU�ðnÞ

j

þ ðnDðn�1Þ
2 � DðnÞ

i;i
ÞdjðnÞ þ ðnD�ðn�1Þ

2 � D�ðnÞ
i;i
Þdj�ðnÞ�,

where

sðnÞ
ij
¼

Z b

�b
sijx
ðnÞ
2 dx2; s�ðnÞ ¼

Z b

�b
s�xðnÞ2 dx2; DðnÞ

i
¼

Z b

�b
Dix
ðnÞ
2 dx2; D�ðnÞ

i
¼

Z b

�b
D�i xðnÞ2 dx2. (20)

‘
Z

A
dW̄ dA ¼

Z
A

X
n

½ðnsðn�1Þ
2j

� sðnÞ
ij;i
ÞduðnÞ

j
þ ðns�ðn�1Þd2j � s

�ðnÞ
;j
ÞdU�ðnÞ

j

þ ðnDðn�1Þ
2 � DðnÞ

i;i
ÞdjðnÞ þ ðnD�ðn�1Þ

2 � D�ðnÞ
i;i
Þdj�ðnÞ�dA

þ

I
C

X
n

½sðnÞ
aj
duðnÞ

j
þ sðnÞdajdU�ðnÞ

j
þ DðnÞa djðnÞ þ D�ðnÞa dj�ðnÞ�na ds: (21)
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Using Eqs. (19) and (21) in Eq. (18), we get

X
n

Z t1

t0

dt

Z
A
sðnÞ

ij;i
� nsðn�1Þ

2j
�
X
m

r11Bmn €u
ðmÞ
j
�
X
m

r12Bmn
€U
�ðmÞ
j þ BnTðnÞ

j

" #
duðnÞ

j
dA

þ
X

n

Z t1

t0

dt

Z
A
s�ðnÞ
;j
� nd2js�ðn�1Þ �

X
m

r12Bmn €u
ðmÞ
j
�
X
m

r22Bmn
€U
�ðmÞ
j þ BnT�ðnÞ

j

" #
dU�ðnÞ

j
dA

þ
X

n

Z t1

t0

dt

Z
A
ðDðnÞ

i;i
� nDðn�1Þ

2 þ BnDðnÞÞdjðnÞ dA

þ
X

n

Z t1

t0

dt

Z
A
ðD�ðnÞ

i;i
� nD�ðn�1Þ

2 þ BnD�ðnÞÞdj�ðnÞ dA

þ
X

n

Z t1

t0

dt

I
C
½ðBntðnÞ

j
� sðnÞ

aj
naÞduðnÞ

j
þ ðBnT�ðnÞ

j
� s�ðnÞdajnaÞdU�ðnÞ

j

þ ðBndðnÞ � DðnÞa naÞdjðnÞ þ ðBnd�ðnÞ � D�ðnÞa naÞdj�ðnÞ�ds ¼ 0.

) In A; sðnÞ
ij;i
� nsðn�1Þ

2j
þ BnTðnÞ

j
¼
X
m

Bmnðr11 €u
ðmÞ
j
þ r12

€U
�ðmÞ
j Þ, (22a)

s�ðnÞ
;j
� ns�ðn�1Þd2j þ BnT�ðnÞ

j
¼
X
m

Bmnðr12 €u
ðmÞ
j
þ r22

€U
�ðmÞ
j Þ; (22b)

DðnÞ
i;i
� nDðn�1Þ

2 þ BnDðnÞ ¼ 0, (22c)

DðnÞ
i;i
� nD�ðn�1Þ

2 þ BnD�ðnÞ ¼ 0. (22d)

With boundary conditions on the curve C,

BntðnÞ
j
� sðnÞ

aj
na ¼ 0, (23a)

Bnt�ðnÞ
j
� s�ðnÞdajna ¼ 0, (23b)

BndðnÞ � DðnÞa na ¼ 0, (23c)

Bnd�ðnÞ � D�ðnÞa na ¼ 0 (23d)

The constitutive equations of order n are

sðnÞ
ij
¼

Z b

�b
xðnÞ2 sij dx2 ¼

Z b

�b

X
m

xn
2xm

2 ðcijkl�
ðmÞ
kl
þmij�

�ðmÞ � ekijE
ðmÞ
k
� zkijE

�ðmÞ
k
Þdx2.

Since �ðmÞ
kl

, ��ðmÞ, EðmÞ
k

, E�ðmÞ
k

are independent of x2, therefore above integral can be written as

sðnÞ
ij
¼
X
m

Bmnðcijkl�
ðmÞ
kl
þmij�

�ðmÞ � ekijE
ðmÞ
k
� zkijE

�ðmÞ
k
Þ. (24a)

Similarly, other constitutive equations can be written as

s�ðnÞ ¼
X
m

Bmnðmij�
ðmÞ
ij
þ R��ðmÞ � ~ziE

ðmÞ
i
� e�i E�ðmÞ

i
Þ, (24b)

DðnÞ
i
¼
X
m

Bmnðeijk�
ðmÞ
jk
þ ~zi�

�ðmÞ þ xijE
ðmÞ
j
þ AijE

�ðmÞ
j
Þ; (24c)

D�ðnÞ
i
¼
X
m

Bmnðzijk�
ðmÞ
jk
þ e�i �

�ðmÞ þ AijE
ðmÞ
j
þ x�ijE

�ðmÞ
j
Þ: (24d)

3. Truncation of series and adjustments

After truncation of terms of order higher than 1, Eqs. (24a)–(24d) for the cases n ¼ 0 and 1 can now be written as

sð0Þ
ij
¼ 2bðcijkl�

ð0Þ
kl
þmij�

�ð0Þ � ekijE
ð0Þ
k
� zkijE

�ð0Þ
k
Þ, (25a)
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s�ð0Þ ¼ 2bðmij�
ð0Þ
ij
þ R��ð0Þ � ~ziE

ð0Þ
i
� e�i E�ð0Þ

i
Þ, (25b)

Dð0Þ
i
¼ 2bðeijk�

ð0Þ
jk
þ ~zi�

�ð0Þ þ xijE
ð0Þ
j
þ AijE

�ð0Þ
j
Þ, (25c)

D�ð0Þ
i
¼ 2bðzijk�

ð0Þ
jk
þ e�i �

�ð0Þ þ AijE
ð0Þ
j
þ x�ijE

�ð0Þ
j
Þ (25d)

and

sð1Þ
ij
¼

2b3

3
ðcijkl�

ð1Þ
kl
þmij�

�ð1Þ � ekijE
ð1Þ
k
� zkijE

�ð1Þ
k
Þ, (26a)

s�ð1Þ ¼ 2b3

3
ðmij�

ð1Þ
ij
þ R��ð1Þ � ~ziE

ð1Þ
i
� e�i E�ð1Þ

i
Þ, (26b)

Dð1Þ
i
¼

2b3

3
ðeijk�

ð1Þ
jk
þ ~zi�

�ð1Þ þ xijE
ð1Þ
j
þ AijE

�ð1Þ
j
Þ, (26c)

D�ð1Þ
i
¼

2b3

3
ðzijk�

ð1Þ
jk
þ e�i �

�ð1Þ þ AijE
ð1Þ
j
þ x�ijE

�ð1Þ
j
Þ (26d)

The kinetic energy density K̄ after truncation of terms of order higher than 1 is

K̄ ¼ bðr11 _u
ð0Þ
i
_uð0Þ

i
þ 2r12 _u

ð0Þ
i
_U
�ð0Þ
i þ r22

_U
�ð0Þ
i

_U
�ð0Þ
i Þ

þ
b3

3
ðr11 _u

ð1Þ
i
_uð1Þ

i
þ 2r12 _u

ð1Þ
i
_U
�ð1Þ
i þ r22

_U
�ð1Þ
i

_U
�ð1Þ
i Þ. (27)

Following Cauchy [46], we neglect the velocity _uð1Þ2 , _U
ð1Þ
2 in kinetic energy density and free development of strain �ð0Þ22 is

obtained by setting sð0Þ22 ¼ 0 in (25a) i.e.

�ð0Þ22 ¼
�c22kl

c2222
�ð0Þ

kl
�

m22

c2222
��ð0Þ þ

ek22

c2222
Eð0Þ

k
þ

zk22

c2222
E�ð0Þ

k
þ �ð0Þ22 . (28)

) ð2bÞ�1sð0Þ
ij
¼ ðcijkl�

ð0Þ
kl
� cij22�

ð0Þ
22 Þ þ cij22�

ð0Þ
22 þmij�

�ð0Þ � ekijE
ð0Þ
k
� zkijE

�ð0Þ
k

.

Using Eq. (28), above equation reduces to

sð0Þ
ij
¼ 2bðc̄ijkl�

ð0Þ
kl
þ m̄ij�

�ð0Þ � ēkijE
ð0Þ
k
� z̄kijE

�ð0Þ
k
Þ, (29a)

where

c̄ijkl ¼ cijkl �
cij22c22kl

c2222
; m̄ij ¼ mij �

cij22m22

c2222
; ēkij ¼ ekij �

cij22ek22

c2222
; z̄kij ¼ zkij �

cij22zk22

c2222
.

By following same procedure of elimination, the expressions for s�ð0Þ;Dð0Þ
i
;D�ð0Þ

i
can be obtained as

s�ð0Þ ¼ 2bðm̄ij�
ð0Þ
ij
þ R̄��ð0Þ � ~̄ziE

ð0Þ
i
� ē�i E�ð0Þ

i
Þ, (29b)

Dð0Þ
i
¼ 2bðēijk�

ð0Þ
jk
þ ~̄zi�

�ð0Þ þ x̄ijE
ð0Þ
j
þ ĀijE

�ð0Þ
j
Þ, (29c)

D�ð0Þ
i
¼ 2bðz̄ijk�

ð0Þ
jk
þ ē�i �

�ð0Þ þ ĀijE
ð0Þ
j
þ x̄�ijE

�ð0Þ
j
Þ, (29d)

where

x̄ij ¼ xij þ
ei22ej22

c2222
; x̄�ij ¼ x�ij þ

zi22zj22

c2222
,

Āij ¼ Aij þ
ei22zj22

c2222
; R̄ ¼ R�

m22m22

c2222
,

ē�i ¼ e�i �
m22zi22

c2222
; ~̄zi ¼

~zi �
m22ei22

c2222
.
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In the first-order terms, we neglect the velocity _uð2Þ
j

, _U
ð2Þ
j in kinetic energy density and free development of strains �ð1Þ

2j
is

obtained by setting sð1Þ
2j
¼ 0 in Eq. (26a) which gives

sijmns
ð1Þ
ij
¼

2b3

3
ðsijmncijkl�

ð1Þ
kl
þ sijmnmij�

�ð1Þ � sijmnekijE
ð1Þ
k
� sijmnzkijE

�ð1Þ
k
Þ, (30)

where sijmn is the compliance tensor. We define

Imnkl ¼ cijklsijmn; mI
mn ¼ sijmnmij; eI

kmn ¼ sijmnekij; zI
kmn ¼ sijmnzkij,

sijmns
ð1Þ
ij
¼

2b3

3
ð�ð1Þmn þmI

mn�
�ð1Þ � eI

kmnEð1Þ
k
� zI

kmnE�ð1Þ
k
Þ.

By setting sð1Þ
2j
¼ 0 in the above equation, we get

sabcds
ð1Þ
cd
¼

2b3

3
ð�ð1Þ

ab
þmI

ab�
�ð1Þ � eI

cabEð1Þc � zI
cabE�ð1Þc Þ ða; b; c; d ¼ 1 and 3Þ.

Solving this system of equations forsð1Þ11, sð1Þ13 , sð1Þ33 , we obtain

sð1Þ
ab
¼

2b3Aabcd

3jsabcdj
ð�ð1Þ

cd
þmI

cd�
�ð1Þ � eI

ecdEð1Þe � zI
ecdE�ð1Þe Þ,

where

jsabcdj ¼

s1111 s3311 s1311

s1133 s3333 s1333

s1113 s3313 s1313

�������
�������,

and Aabcd is corresponding cofactor of element sabcd in ½sabcd�.

‘sð1Þ
ab
¼

2b3

3
ðcð1Þ

abcd
�ð1Þ

cd
þmð1Þ

ab
��ð1Þ � eð1Þ

cab
Eð1Þc � zð1Þ

cab
E�ð1Þc Þ, (31)

where

cð1Þ
abcd
¼

Aabcd

jsabcdj
; mð1Þ

ab
¼ cð1Þ

abcd
mI

cd; eð1Þ
eab
¼ c1

abcdeI
ecd; zð1Þ

eab
¼ c1

abcdz
I
ecd.

The electric enthalpy density function W̄ from which relations (29a) and (31) are obtained, can now be written as

W̄ ¼ b½c̄ijkl�
ð0Þ
ij
�ð0Þ

kl
þ 2m̄ij�

ð0Þ
ij
��ð0Þ þ R̄��ð0Þ��ð0Þ � 2ēkij�

ð0Þ
ij

Eð0Þ
k
� 2z̄kij�

ð0Þ
ij

E�ð0Þ
k

� 2 ~̄ziE
ð0Þ
i
��ð0Þ � 2ē�i E�ð0Þ

i
��ð0Þ � x̄ijE

ð0Þ
i

Eð0Þ
j
� x̄�ijE

�ð0Þ
i

E�ð0Þ
j
� 2ĀijE

ð0Þ
i

E�ð0Þ
j
�

þ
b3

3
½cð1Þ

abcd
�ð1Þ

ab
�ð1Þ

cd
þ 2mð1Þ

ab
�ð1Þ

ab
��ð1Þ þ R��ð1Þ��ð1Þ � 2eð1Þ

cab
�ð1Þ

ab
Eð1Þc � 2zð1Þ

cab
�ð1Þ

ab
E�ð1Þc

� 2~zaEð1Þa ��ð1Þ � 2e�aE�ð1Þa ��ð1Þ � xabEð1Þa Eð1Þ
b
� x�abE�ð1Þa E�ð1Þ

b
� 2AabEð1Þa E�ð1Þ

b
�. (32)

The final adjustment is made by replacing thickness shear strains �ð0Þ21 , �ð0Þ23 by k1�
ð0Þ
21, k3�

ð0Þ
23 , respectively, where k1, k3 are

thickness shear correction factors whose values are to be determined. This gives

W̄ ¼ b½cð0Þ
ijkl
�ð0Þ

ij
�ð0Þ

kl
þ 2mð0Þ

ij
�ð0Þ

ij
��ð0Þ þ R̄��ð0Þ��ð0Þ � 2eð0Þ

kij
�ð0Þ

ij
Eð0Þ

k
� 2zð0Þ

kij
�ð0Þ

ij
E�ð0Þ

k

� 2 ~̄ziE
ð0Þ
i
��ð0Þ � 2ē�i E�ð0Þ

i
��ð0Þ � x̄ijE

ð0Þ
i

Eð0Þ
j
� x̄�ijE

�ð0Þ
i

E�ð0Þ
j
� 2ĀijE

ð0Þ
i

E�ð0Þ
j
�

þ
b3

3
½cð1Þ

abcd
�ð1Þ

ab
�ð1Þ

cd
þ 2mð1Þ

ab
�ð1Þ

ab
��ð1Þ þ R��ð1Þ��ð1Þ � 2eð1Þ

cab
�ð1Þ

ab
Eð1Þc � 2zð1Þ

cab
�ð1Þ

ab
E�ð1Þc

� 2~zaEð1Þa ��ð1Þ � 2e�aE�ð1Þa ��ð1Þ � xabEð1Þa Eð1Þ
b
� x�abE�ð1Þa E�ð1Þ

b
� 2AabEð1Þa E�ð1Þ

b
�, (33)

where

cð0Þ
ijkl
¼ k0iþj�2k0kþl�2c̄ijkl; mð0Þ

ij
¼ k0iþj�2m̄ij; eð0Þ

kij
¼ k0iþj�2ēkij; zð0Þ

kij
¼ k0iþj�2z̄kij,
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k0iþj�2 or ðk0kþl�2Þ ¼

k1 when ðiþ jÞ or ðkþ lÞ ¼ 3

k3 when ðiþ jÞ or ðkþ lÞ ¼ 5

1 otherwise:

8><
>:

After truncation, Eqs. (14a)–(14d), (15a)–(15d), (29a)–(29d), Eq. (31) can be rewritten as
Strain–displacement relation:

�ð0Þ
ij
¼ 1

2½u
ð0Þ
i;j
þ uð0Þ

j;i
þ d2iu

ð1Þ
j
þ d2ju

ð1Þ
i
�,

�ð1Þ
ab
¼ 1

2½u
ð1Þ
a;b
þ uð1Þ

b;a
�,

��ð0Þ ¼ U�ð0Þ
i;i
þ d2iU

�ð1Þ
i

,

��ð1Þ ¼ U�ð1Þa;a ,

Eð0Þ
i
¼ �jð0Þ

;i
� d2ijð1Þ,

E�ð0Þ
i
¼ �j�ð0Þ

;i
� d2ij�ð1Þ,

Eð1Þa ¼ �j
ð1Þ
;a ,

E�ð1Þa ¼ �j�ð1Þ;a . (34)

Kinetic energy density:

K̄ ¼ bðr11 _u
ð0Þ
i
_uð0Þ

i
þ 2r12 _u

ð0Þ
i
_U
�ð0Þ
i þ r22

_U
�ð0Þ
i

_U
�ð0Þ
i Þ

þ
b3

3
ðr11 _u

ð1Þ
a _uð1Þa þ 2r12 _u

ð1Þ
a
_U
�ð1Þ
a þ r22

_U
�ð1Þ
a

_U
�ð1Þ
a Þ. (35)

Constitutive equations:

sð0Þ
ij
¼ 2bðcð0Þ

ijkl
�ð0Þ

kl
þmð0Þ

ij
��ð0Þ � eð0Þ

kij
Eð0Þ

k
� zð0Þ

kij
E�ð0Þ

k
Þ, (36a)

s�ð0Þ ¼ 2bðmð0Þ
ij
�ð0Þ

ij
þ R̄��ð0Þ � ~̄ziE

ð0Þ
i
� ē�i E�ð0Þ

i
Þ, (36b)

Dð0Þ
i
¼ 2bðeð0Þ

ijk
�ð0Þ

jk
þ ~̄zi�

�ð0Þ þ x̄ijE
ð0Þ
j
þ ĀijE

�ð0Þ
j
Þ, (36c)

D�ð0Þ
i
¼ 2bðzð0Þ

ijk
�ð0Þ

jk
þ ē�i �

�ð0Þ þ ĀijE
ð0Þ
j
þ x̄�ijE

�ð0Þ
j
Þ (36d)

and

sð1Þ
ab
¼

2b3

3
ðcð1Þ

abcd
�ð1Þ

cd
þmð1Þ

ab
��ð1Þ � eð1Þ

cab
Eð1Þc � zð1Þ

cab
E�ð1Þc Þ, (37a)

s�ð1Þ ¼ 2b3

3
ðmð1Þ

ab
�ð1Þ

ab
þ R��ð1Þ � ~zaEð1Þa � e�aE�ð1Þa Þ, (37b)

Dð1Þa ¼
2b3

3
ðeð1Þ

abc
�ð1Þ

bc
þ ~za�

�ð1Þ þ xabEð1Þ
b
þ AabE�ð1Þ

b
Þ, (37c)

D�ð1Þa ¼
2b3

3
ðzð1Þ

abc
�ð1Þ

bc
þ e�a�

�ð1Þ þ AabEð1Þ
b
þ x�abE�ð1Þ

b
Þ. (37d)

Equations of motion:

sð0Þ
ij;i
þ 2bTð0Þ

j
¼ 2bðr11 €u

ð0Þ
j
þ r12

€U
�ð0Þ
j Þ, (38a)

s�ð0Þ
;j
þ 2bT�ð0Þ

j
¼ 2bðr12 €u

ð0Þ
j
þ r22

€U
�ð0Þ
j Þ, (38b)
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Dð0Þ
i;i
þ 2bDð0Þ ¼ 0, (38c)

D�ð0Þ
i;i
þ 2bD�ð0Þ ¼ 0 (38d)

and

sð1Þ
ab;a
� sð0Þ

2b
þ

2b3

3
Tð1Þ

b
¼

2b3

3
ðr11 €u

ð1Þ
b
þ r12

€U
�ð1Þ
b Þ, (39a)

s�ð1Þ
;b
� s�ð0Þd2b þ

2b3

3
T�ð1Þ

b
¼

2b3

3
ðr12 €u

ð1Þ
b
þ r22

€U
�ð1Þ
b Þ, (39b)

Dð1Þa;a þ
2b3

3
Dð1Þ � Dð0Þ2 ¼ 0, (39c)

D�ð1Þa;a þ
2b3

3
D�ð1Þ � D�ð0Þ2 ¼ 0. (39d)

4. Thickness shear coefficients

The thickness shear coefficients k1 and k3 are determined by equating thickness shear frequencies for the two-
dimensional case to the corresponding frequencies for the three-dimensional case. Using constitutive Eqs. (36) and (37) for
monoclinic (2) porous piezoelectric material (considering x2�x3 as mirror plane), Eqs. (38a)–(38d) and (39a)–(39d), after
simplification and setting all spatial derivatives to zero, becomes

�
3

b2
½cð0Þ66 uð1Þ1 þ eð0Þ26f

ð1Þ
þ zð0Þ26f

�ð1Þ
� þ Tð1Þ1 ¼ r11 €u

ð1Þ
1 þ r12

€U
�ð1Þ
1 , (40a)

�
3

b2
½cð0Þ44 uð1Þ3 � þ Tð1Þ3 ¼ r11 €u

ð1Þ
3 þ r12

€U
�ð1Þ
3 , (40b)

T�ð1Þ1 ¼ r12 €u
ð1Þ
1 þ r22

€U
�ð1Þ
1 , (40c)

T�ð1Þ3 ¼ r12 €u
ð1Þ
3 þ r22

€U
�ð1Þ
3 , (40d)

�
3

b2
½eð0Þ26 uð1Þ1 � x̄22f

ð1Þ
� Ā22f

�ð1Þ
� þ Dð1Þ ¼ 0, (40e)

�
3

b2
½zð0Þ26 uð1Þ1 � Ā22f

ð1Þ
� x̄�22f

�ð1Þ
� þ D�ð1Þ ¼ 0. (40f)

The notations used in the above equations are given in Appendix A.

Elimination of U�ð1Þ1 and U�ð1Þ3 , gives

�
3

b2
½cð0Þ66 uð1Þ1 þ eð0Þ26f

ð1Þ
þ zð0Þ26f

�ð1Þ
� þ Tð1Þ1 ¼ r̄ €uð1Þ1 , (41a)

�
3

b2
cð0Þ44 uð1Þ3 þ Tð1Þ3 ¼ r̄ €uð1Þ3 , (41b)

�
3

b2
½eð0Þ26 uð1Þ1 � x̄22f

ð1Þ
� Ā22f

�ð1Þ
� þ Dð1Þ ¼ 0, (41c)

�
3

b2
½zð0Þ26 uð1Þ1 � Ā22f

ð1Þ
� x̄�22f

�ð1Þ
� þ D�ð1Þ ¼ 0, (41d)

where

r̄ ¼ r11 �
r2

12

r22
.

Let alternating voltage Veiot be applied to electrode film deposit on each face of plate. For the case of thickness-shear
vibrations in x1 direction, the surface conditions are

s21j�b ¼ �2r0b0 €u1j�b; f ¼ Veiot ; f� ¼ Veiot , (42)
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where 2r0b0 is mass per unit area of each electrode film. Making use of Eqs. (14) and (17), these boundary conditions give

Tð1Þ1 ¼ �
3

b
R0r̄ €u1; fð1Þ ¼

V

b
eiot ; f�ð1Þ ¼

V

b
eiot ; where R0 ¼

2r0b0

r̄b
. (43)

Making use of uð1Þ1 ¼ Aeiot and Eq. (43) in Eq. (41a), we obtain

A ¼
3k1ðe26 þ z26ÞV

b½ð3R0 þ 1Þb2r̄o2 � 3k2
1c66�

. (44)

Resonance occur when

o2 ¼ 3k2
1c66=r̄b2

ð3R0 þ 1Þ. (45)

In the absence of electrode film

Tð1Þ1 ¼ 0; Dð1Þ1 ¼ 0; D�ð1Þ1 ¼ 0. (46)

Using these conditions, Eqs. (41a), (41c) and (41d) reduce to

�
3

b2
½cð0Þ66 uð1Þ1 þ eð0Þ26f

ð1Þ
þ zð0Þ26f

�ð1Þ
� ¼ r̄ €uð1Þ1 ,

�
3

b2
½eð0Þ26 uð1Þ1 � x̄22f

ð1Þ
� Ā22f

�ð1Þ
� ¼ 0,

�
3

b2
½zð0Þ26 uð1Þ1 � Ā22f

ð1Þ
� x̄�22f

�ð1Þ
� ¼ 0.

Substituting uð1Þ1 ¼ A0eiot , fð1Þ ¼ B0eiot , f�ð1Þ ¼ C0eiot , in the above equation and eliminating A0 , B0, C0, we get

o2 ¼
3k2

1ĉ66

r̄b2
ðwithout electrodeÞ, (47)

where

ĉ66 ¼ c66 þ
e2

26x
�
22 þ z2

26x22 � 2A22e26z26

x22x
�
22 � A2

22

.

For the case of thickness shear in x3 direction, the surface conditions become

Tð1Þ3 ¼ �
3

b
R0r̄ €u3; uð1Þ3 ¼ A00eiot (48)

Use of above conditions in Eq. (41b) implies that

o2 ¼
3k2

3c044

b2r̄ð3R0 þ 1Þ
ðwith electrodeÞ (49)

and

o2 ¼
3k2

3c044

b2r̄
ðwithout electrodeÞ, (50)

where

c044 ¼ c44 �
c42c24

c22
.

Next we will find thickness-shear frequency for the three-dimensional case. For the case of thickness shear vibration in x1

direction, the appropriate equations of motion and boundary conditions are

c66u1;22 þ e26f;22 þ z26f
�
;22 ¼ r11 €u1 þ r12

€U
�

1,

r12 €u1 þ r22
€U
�

1 ¼ 0,

e26u1;12 � x22f;22 � A22f
�
;22 ¼ 0,

z26u1;22 � A22f;22 � x�22f
�
;22 ¼ 0; (51)

c66u1;2 þ e26f;2 þ z26f
�
;2 � 2r0b0o2u1 ¼ 0; at x2 ¼ �b, (52a)
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f;f� ¼ �f0; at x2 ¼ �b. (52b)

The system (51) implies that

c66u1;22 þ e26f;22 þ z26f
�
;22 ¼ �r̄ o2u1,

e26u1;12 � x22f;22 � A22f
�
;22 ¼ 0,

z26u1;22 � A22f;22 � x�22f
�
;22 ¼ 0. (53)

The solution, satisfying differential system (53) and boundary condition (52a) and (52b) is given by

u1 ¼ A sin Zx2, (54)

f ¼ A
e26x

�
22 � A22z26

x22x
�
22 � A2

22

 !
sin Zx2 �

x2

b
sin Zb

� �
þ
f0

b
x2, (55)

f� ¼ A
e26A22 � x22z26

A2
22 � x22x

�
22

 !
sin Zx2 �

x2

b
sin Zb

� �
þ
f0

b
x2, (56)

where

Z2 ¼
r̄o2

ĉ66
. (57)

Making use of Eqs. (54)–(56) in Eq. (52a), we get

A½Zb cos Zb� k2
26 sin Zb� R0Z2b2 sin Zb� ¼ �

e26 þ z26

ĉ66

� �
f0,

where

k2
26 ¼

e2
26x
�
22 þ z2

26x22 � 2A22e26z26

ðx22x
�
22 � A2

22Þĉ66

.

Resonance occur when

tan Zb ¼ Zb=ðk2
26 þ R0Z2b2

Þ. (58)

Following Bluestein and Tiersten [12], we have for R051, k2
2651

o2 ¼ p2ĉ66ð1� R0 � 4k2
26=p

2Þ2=4r̄b2
ðwith electrodeÞ (59)

and

o2 ¼ p2ĉ66=4r̄b2
ðwithout electrodeÞ. (60)

Hence, by equating Eqs. (45) and (47) to Eqs. (59) and (60), respectively, we have for R051, k2
2651

k2
1 ¼

p2

12

 !
ĉ66ð1þ R0 � 8k2

26=p2Þ

c66
ðwith electrodeÞ (61)

k2
1 ¼

p2

12
ðwithout electrodeÞ. (62)

For thickness vibration in x3 direction, following Ref. [47], the frequency is given by

o2 ¼ p2c3ð1� R0Þ2=4r̄b2
ðwith electrodeÞ, (63)

where

c3 ¼
1
2½c22 þ c44 � fðc22 � c44Þ

2 þ 4c2
24g

1=2�

and

o2 ¼ p2c3=4r̄b2
ðwithout electrodeÞ. (64)
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Hence for R051, k2
2651 on comparing Eqs. (49) and (50) with Eqs. (63) and (64), respectively, we have

k2
3 ¼

p2

12

 !
ð1þ R0Þc3

c044

ðwith electrodeÞ, (65)

k2
3 ¼

p2

12

 !
c3

c044

ðwithout electrodeÞ. (66)

5. Numerical results and discussion

The thickness-shear resonance frequencies are computed numerically for a particular model of PZT. Following Deu and
Benjeddou [32], the elastic, piezoelectric, dielectric and other dynamical coefficients are given in Table 1.

The variation of two-dimensional thickness shear resonance frequency in x1 and x3 directions, obtained from Eqs. (45),
(47) and (49), (50), with the thickness of plate is shown in the Fig. 2(a) and (b), respectively. The solid and dotted curves
correspond to the case when electrodes are present (EP) or absent (EA) over the faces of plate, respectively. The thickness-
shear resonance frequency in x1 as well as x3 direction decreases with increase in the thickness of the plate. Thus the
frequency of the thickness-shear mode can be controlled by the thickness dimension. It is also observed that the thickness
shear resonance frequency in x1 direction decreases when thin electrode film is deposit on the faces of plate while the
effects of electrode film is almost negligible on the frequency of thickness mode along x3 direction. It is clear from Eqs. (49)
and (50) that when R0 is very small, o remains unchanged effectively in the cases of with and without electrode. The role of
piezoelectric and dielectric constants does not come into picture in the x3 direction while these affect in case of x1

direction.
Figs. 3(a) and 4(b) depicts the variation of three-dimensional thickness shear resonance frequency in x1 and x3

directions obtained from Eqs. (59), (60) and (63), (64) with the thickness of plate. Comparison of Figs. 2 and 3 shows that
Table 1
Elastic, piezoelectric, dielectric and dynamical coefficients for PZT ceramic.

Elastic constants (GPa) Piezoelectric constants (C/m2) Dielectric constants (nC/Vm) Dynamical coefficients

c22 ¼ 126 e26 ¼ 17 x22 ¼ 15:3 r11ðKg=m3Þ ¼ 7370

c24 ¼ 38 z26 ¼ 19 x�22 ¼ 13:8 r12ðKg=m3Þ ¼ �70

c44 ¼ 20 a22 ¼ 17:1 r22ðKg=m3Þ ¼ 270

c66 ¼ 23 rðKg=m3Þ ¼ 7300

r0ðKg=m3Þ ¼ 5700

b0ðmÞ ¼ :0001
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Fig. 2. Variation of two-dimensional thickness shear resonance frequencies (o) with the thickness of plate: (a) in x1 direction and (b) in x3 direction; solid

curves (electrodes are present (EP)) and dotted curves (electrodes are absent (EA)).
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Fig. 4. Variation of three-dimensional thickness shear resonance frequency (o) in x1 direction with thickness of plate for first five modes.
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Fig. 3. Variation of three-dimensional thickness shear resonance frequencies (o) with the thickness of plate: (a) in x1 direction and (b) in x3 direction

solid curves (electrodes are present) and dotted curves (electrodes are absent).
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the thickness-shear resonance frequency in x1; x3 directions obtained from the two-dimensional case and three-
dimensional case is same.

Fig. 4 depicts the variation of thickness-shear resonance frequency obtained from the three-dimensional case i.e.
solution of Eqs. (57) and (58) with the thickness of the plate for first five modes. It is observed that the thickness shear
resonance frequency increases for the second mode in comparison to first mode and likewise for other modes of vibration.
6. Conclusion

In present paper, the constitutive equations and equations of motion for anisotropic porous piezoelectric materials are
derived using variational principle. Further these equations are obtained for the two-dimensional case by expanding
mechanical displacement and electrical potential function as power series. The constitutive equations are modified after
truncation, adjustment of some terms and by introducing thickness-shear correction factors. The thickness-shear
correction factors are determined for the monoclinic (2) crystal by comparing thickness-shear frequencies corresponding to
the two and three-dimensional case. The resonance frequencies in thickness mode for two and three-dimensional case are
obtained both analytically and numerically for a particular model of PZT. The thickness shear resonance frequency
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decreases with the thickness of plate. The electrode film deposited over the faces of the plate decreases the thickness shear
resonance frequency in x1 direction while effect on the thickness shear resonance frequency in x3 direction is almost
negligible.

Appendix A

cð0Þ11 ¼ c11 �
c12c12

c22
; cð0Þ13 ¼ c13 �

c12c23

c22
; cð0Þ14 ¼ k3 c14 �

c12c24

c22

� �
; cð0Þ33 ¼ c33 �

c32c23

c22
,

cð0Þ34 ¼ k3 c43 �
c42c23

c22

� �
; cð0Þ44 ¼ k2

3 c44 �
c42c24

c22

� �
; cð0Þ55 ¼ c55; cð0Þ56 ¼ k1c56,

cð0Þ66 ¼ k2
1c66; eð0Þ11 ¼ e11 �

e12c12

c22
; eð0Þ13 ¼ e13 �

e12c32

c22
; eð0Þ14 ¼ k3 e14 �

e12c42

c22

� �
,

eð0Þ25 ¼ e25; eð0Þ26 ¼ k1e26; eð0Þ35 ¼ e35; eð0Þ36 ¼ k1e36; zð0Þ11 ¼ z11 �
z12c12

c22
,

zð0Þ13 ¼ z13 �
z12c32

c22
; zð0Þ14 ¼ k3 z14 �

z12c42

c22

� �
; zð0Þ25 ¼ z25; zð0Þ26 ¼ k1z26,

zð0Þ35 ¼ z35; zð0Þ36 ¼ k1z36; mð0Þ11 ¼ m11 �
m22c21

c22
; mð0Þ32 ¼ k3 m32 �

m22c24

c22

� �
,

mð0Þ33 ¼ m33 �
m22c23

c22
; ē�1 ¼ e�1 �

z12m22

c22
; ~̄z1 ¼

~z1 �
m22e12

c22
; R̄ ¼ R�

m2
22

c22
,

x̄11 ¼ x11 þ
e2

12

c22
; x̄22 ¼ x22; x̄23 ¼ x23; x̄33 ¼ x33; x̄�11 ¼ x�11 þ

z2
12

c22
; x̄�22 ¼ x�22,

x̄�23 ¼ x�23; x̄�33 ¼ x�33; Ā11 ¼ A11 þ
e12z12

c22
; Ā22 ¼ A22; Ā23 ¼ A23; Ā33 ¼ A33,

gð1Þ11 ¼
s3333

s1111s3333 � s2
1133

; gð1Þ13 ¼
s1133

s1111s3333 � s2
1133

; gð1Þ33 ¼
s1111

s1111s3333 � s2
1133

; gð1Þ55 ¼
1

s1313
,

eð1Þ11 ¼ gð1Þ11 eI
11 þ g

ð1Þ
13 eI

13; eð1Þ13 ¼ gð1Þ31 eI
11 þ g

ð1Þ
33 eI

13; eð1Þ35 ¼ gð1Þ55 eI
35 þ g

ð1Þ
55 eI

35,

zð1Þ11 ¼ gð1Þ11z
I
11 þ g

ð1Þ
13z

I
13; zð1Þ13 ¼ gð1Þ31z

I
11 þ g

ð1Þ
33z

I
13; zð1Þ35 ¼ gð1Þ55z

I
13 þ g

ð1Þ
55z

I
31,

mð1Þ11 ¼ gð1Þ11 mI
11 þ g

ð1Þ
13 mI

33; mð1Þ33 ¼ gð1Þ31 mI
11 þ g

ð1Þ
33 mI

33; mð1Þ13 ¼ gð1Þ55 mI
13 þ g

ð1Þ
55 mI

31.
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